Abstract. In this paper we prove a coincidence theorem by generalizing the diverse coincidence theorems and fixed point theorems of Baillon -Singh 
Introduction
Czerwik [5] obtained a fixed point theorem for a system of multi-valued maps generalizing the result of Nadler [13] (see also Matkowski [11] , Reich [17] , and others). Hybrid contractions have been studied among others; by Kaneko [9] Naimpally et. al. [14] , Rhoades et al. [18] , Singh et al. [23] .
The main result of this paper offers solutions to functional inclusions (cf. (3.4)-(3.5)) consisting of two systems of multi-valued and a system of single-valued maps on a finite product of metric spaces. Our result extand and unify numerous coincidence and hybrid fixed point theorems including apparently diverse results of Czerwik [op. cit.], Kaneko [op. cit], Naimpally et al. [op. cit] , Sessa-Fisher [21] , Baillon-Singh [1] and others. We do this by introducing a new class of maps-R-weakly commuting systems of single-valued and multi-valued maps.
The theory of multi-valued maps has wide applications to problems arising in Mathematical sciences and Economics. A substantial place in the theory of multi-valued maps, mainly due to its applications to functional equations, is claimed by the theory of multi-valued contraction (see for instance, [25] ). In a recent formulation , Corley [4] (see also [3] ) has shown that certain optimization problems are equivalent to hybrid fixed point the-orems. Such theorems also appear to be new tools, concerning problems of treatment of images in computer graphics.
Notations and definitions
Throught this paper we shall use the following notations and definitions. 
if the infimum exists ∞ otherwise H is called the generalized Hausdorff metric induced by metric d. D(x, A) will denote the ordinary distance between x ∈ X and a nonempty subset A of X.
Let (a ik ) be an n × n square matrix with non-negative entries. Define (cf. [5] , [11] )
. . , n; 1 − a ik , i = k and c t ik are defined recursively by
. . , n be metric spaces;
. . Througout this paper, we shall asume that (X i , d i ) are metric spaces, (CL(X i ), H i ) the generalized Housdorff metric spaces induced by d i . Further, let P i and Q i are multivalued maps from X to CL(X i ) and
Definition 2.1 (1). Two systems of maps (T 1 , . . . , T n ) and (P 1 , . . . , P n ) are coordinate wise commutating (or simply commuting) at a apoint x ∈ X if and only if
For n = 1, this definition is that of Itoh and Takahashi [8] .
Definition 2.2 (1). Two systems of maps (T 1 , . . . , T n ) and (P 1 , . . . , P n ) are coordinatewise weakly commuting (or simply weakly commuting) at a point x ∈ X if and only if
For n = 1, this definition is that of Kaneko [9] (see, Singh et al. [23] ). Two systems are coordinate wise weakly commuting on X if and only if they are co-ordinatewise weakly commuting at every point of X. We should remark that, in general, co-ordinatewise weakly commuting systems of maps need not be coordinate wise commuting. However the commuting syatems are necessarely weakly commuting (see, [1] , [22] ). Definition 2.3. Two systems of maps (T 1 , . . . , T n ) and (P 1 , . . . , P n ) are coordinate wise R-weakly commuting at a a point x ∈ X if and only if
Two systems are co-ordinatewise R-weakly commuting on X if and only if they are co-ordiatewise R-weakly commuting at every point of X. As a special case of the above definition (n = 1) we have the following definition introduced in [7] . Definition 2.4. The mapping T 1 : X 1 → X 1 and P 1 : X 1 → CL(X 1 ) are R-weakly commuting if and only if
When P is single-valued map in definition 4 we have the definition of Pant [15] .
This example illustrate non co-ordinate wise weakly commuting maps are co-ordinate wise R-weakly commuting.
Example 2.1. Let X 1 = [1, ∞) and X 2 = [0, 1] be metric spaces with the absolute value metric. Let x = (x 1 , x 2 ),
, and
The systems of maps (T 1 , T 2 ) and (P 1 , P 2 ) are thus co-ordinate wise Rweakly commuting with R=2 but not co-ordinate wise weakly commuting.
Remark 2.1. Co-ordinatewise weakly commuting maps are co-ordinatewise R-weakly commuting, however, R-weak commutativity implies co-ordinatewise weak commutativity only when R ≤ 1.
Coincidence theorem
We, motivated by the work of Baillon-Singh [1] prove coincidence point theorems for Ciric-Matkowski type hybrid contraction condition for systems of multi-valued and single-valued maps.
. . , n are continous maps such that
2) the system (T 1 , . . . , T n ) is R-weakly commuting with the systems (P 1 , . . . , P n ) and (Q 1 , . . . , Q n ).
If there exist non negative number b < 1 and a ik defined in (2.1) and (2.2) such that (2.3) and the following hold:
for all x, y ∈ X, then there exists a point u ∈ X such that (3.4)
P r o o f. First we note that the systems (2.3) and n k=1 a ik r k < r i , i = 1, . . . , n, are equivalent for some positive numbers r i , i = 1, . . . , n (see, [11] and [24] )
Further if we put
a ik r k ; h ∈ (0, 1) , so we may choose a system of positive numbers r 1 , . . . , r n such that (3.5) n k=1 a ik r k < hr i , i = 1, . . . , n; (see, [11] , [24] ). Now we shall construct sequences {x m i } and {z m i }, i = 1, . . . , n in X i . Pick x 0 i in X i . Since (3.1) holds, we can find an element x 1 in X such that
where c = max{h, b} and c −1/2 > 1.
In general, we choose a sequence {x m } in X and
. . , n; m = 0, 1, . . . . We remark that if at any stage
that is, T i and Q i have a coincidence point at x 2m+1 ,and if T i x 2m+2 = T i x 2m+3 then T i and P i have coincidence point at x 2m+2 . We may assume without any loss of generality, that
. Now, we can have
By the induction argument we conclude that
So each {z m i } is a Cauchy sequence and therefore it converges to some point u i ∈ X i , i = 1, . . . , n. Since T i , i = 1, . . . , n are continuous
It follows that {P i x 2m } and {Q i x 2m+1 } are also Cauchy sequences in CL(X i ), i = 1, . . . , n. So there exists M i in CL(X i ) such that
as m → ∞. This yields u i ∈ M i i = 1, . . . , n. Now using the continuity of T i , i = 1, . . . , n and the co-ordinatewise R-weak commutativity of the systems {T 1 , . . . , T n}and {P 1 , . . . , P n}, we have
Further we have
Letting m → ∞ and since u i ∈ M i we obtain
. . , n. Similarly T i u ∈ P i u this proves thst the system (3.4) has a solution u i , i = 1, . . . , n.
This completes the proof.
Corollary 3.2. Let (X i , d i ) be complete metric spaces and P i , Q i : X → CL(X i ), i = 1, . . . , n be multi valued maps such that
for all x, y ∈ X, where b ∈ [0, 1), a ik ≥ 0, i, k = 1, . . . , n. if c t ik defined in (2.1) and (2.2) satisfying (2.3) then the system of multivalued maps (P 1 , . . . , P n ) and {Q 1 , . . . , Q n } has a common fixed point. P r o o f. It follows from Theorem 3.1 with T i x = x i , i = 1, . . . , n.
Remark 3.1. Replacing the co-ordinatewise R-weakly commuting condition in Theorem 3.1 by co-ordinatewise weakly commuting we get the result of Baillon-Singh [1] .
Remark 3.2. The result of corollary 3.1 includes a multitude of contrative condition for single and multi-valued maps (see, for instance [2] , [5] , [6] , [9] , [11] , [13] , [14] , [17] , [18] , [19] , [21] , [22] , [23] and [25] ). The following result is corollary 3.1 with (Y, d) = (X i , d i ), P = P i , Q = Q i , i = 1, . . . , n and n = 1, max{a 11 , b} = k (say). 
